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Question 10. Show the following results for a wide-sense stationary (WSS), real-

valued random process { X (¢)} with autocorrelation function rx x(7) and power spec-

trum Sy (w):

(a) rxx(=7) = rxx(+7);

(b) If {X(t)} represents a random voltage across a 1) resistance, the average power
dissipated is Py, = rxx(0);

(c) Sx(w) = Sx(~w);

(d) Sx(w) is real-valued;

1 [T

(e) Puy Sx (w)dw.

:% .

(a) By definition of autocorrelation function we have
rxx(7) =EX®)X{t+7)]=EX{t+7)X(@)], VteR.
Now if we substitute in the previous expression ' :=t + 7, we get
rxx(7) =E[XX{# —7)] = rxx(—7).
(b) Let V = X?2(t) denote the voltage across the resistance R = 1€, then, by a well-known
formula, the instantaneous power is given by
_ VX

== X2(t) [Watt],

and the average power has the form

Paw = E[P(t)] = E[X(t)] = rxx(0) [Watt],

P(t)

where the last equality follows from the definition of autocorrelation function and the
fact that X (¢) is WSS.

(c) By definition of Power Spectral Density,

o0 T
Sx(w) = F{rxx(1)} = / rxx(T)e 3*Tdr = lim ryx(r)e Tdr.
—00 T—oo J_T
Now, we apply the change of variable 7 — —7/; so that we obtain
T .
SX((.U) = lim TXX(T)e_]wTdT
T—oo J_T
=T ) ,
e hm TXX(*T,)G‘]UJT (*dT’)
T—o00 T
T s !
= lim (1) / —rxx (=7 dr’
T—o0 _T
T s ’
= lim rxx (=7’ dr.
T—oo J_T

Finally, by exploiting point (a), we have rxx(—7") = rxx(7’) and therefore

T o)
Sx(w) = Tlgr;o TTXX(T/)ejWIdT’ = / TXx(T/)eij,dT/ = Sx(—w).

—0o0
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A Any change
of variable af-
fects also the
limits of inte-
gration! In this
case you have
to swap the
sign of the lim-
its. This can
be seen more
clearly if you
use the defi-
nition of im-
proper integral.



(d) By splitting the integral in the definition of Power Spectral Density we obtain

Sx(w) = /00 rXX(T)e_j‘”dT

—00

0 00
:/ TX)((T)ejWTdT—‘r/ rxx(T)e 7Tdr.
0

—00

Now we use the change of variable 7 — —7’ in the first integral of the latter expression

and the property in point (a) to get

0 9]
Sx(w) :/ TXX(T)e_j“’TdT+/ rxx(T)e ¥Tdr
0

—0oQ
!
T

0 o)
__T/ —TX)((—T/)eij/dT/—i-/ rxx(T)e 7“Tdr
0

[e.9]

:(—1)-/ —TXX(—T,)eij,dT,-i-/ rxx(r)e ¥Tdr
0 0

(i)/ ’I“XX(T,)eij/dT/—{—/ rxx(T)e 7Tdr.
0 0

By renaming the variable 7/ = 7 and by using the formula 2 cos(w7) = /*T + e =97

we arrive at
Sx(w) = / rxx(T)elTdr +/ rxx(T)e Tdr
0 0
= / rxx (7)(e?T + eI )dr
0

= /OOO rxx(7)2 cos(wT)dT.
The latter expression must be real since all terms in the integral are real.
(e) From point (b), we have
Pay =rxx(0) = F {Sx (W)} _,

/ Sx(w ejwodw—/ Sx(w)dw [Watt].

Question 11. A white noise process {X(¢)} is a wide sense stationary, zero mean
process with autocorrelation function:

rxx (1) = %(7)

where §(7) is the delta-function centred on ¢ = 0 whose area is unity and width is
zero. Sketch the Power Spectrum for this process.

A sample function X (¢) from such a white noise process is applied as the input to a
linear system whose impulse response is h(t). The output is Y (¢).

+7)]
E[X ()Y (t+

Derive expressions for the output autocorrelation function ryy (7) = E[Y (¢)Y (¢
and the cross-correlation function between the input and output rxy (1) =

¢



7)]. Hence obtain an expression for the output power spectrum Sy (w) in terms of o2
and the frequency response H(w) of the linear system.

If the process is correlation ergodic, suggest in block diagram form a scheme for mea-
surement of rxy (7). What is a possible application for such a scheme?

The power spectrum of the process {X (¢)} is given by

—+00 )
Sx(w) = / rxx (T)e=197dr

—0o0
+m . .
= / o?6(1)e T dr = 0%l = o2
—0o0

2

Thus the power spectrum is a constant of value o over all frequencies and its plot is

depicted below.

S)(<w)

The output of a linear system with impulse response h(t) is given by the convolution of
the impulse response and the input, namely

400
V()= h)® X(0) = [ ()X (- 55
—00

As a consequence, the autocorrelation function of the output takes the form o fecall that
\‘tHfiU]IJII'\' pro-
ryy(7) = E[Y (Y (¢ +7) o e

oo . i i
=E ( / h(B) X (t = 51)d61> ( / h(B2) X (t + T — 62)%2)} T e

—00 —00 time instants.

E [ / - / T BB X (¢ = BOX (t 47 — m)a&%}
+ogoo +o0

=[] heomaE - p)X (7 ) A
+o0o +o0

= / / h(B1)h(B2)rxx (T + B1 — B2)dB1d B2

+oo  ptoo
- / / h(B1)h(B2)0 (T + B1 — B2)dB1d B



Similarly, the cross-correlation function between the input and the output takes the form
rxy(7) =E[X @)Y (t+ 7)]

~lxo(/ T he) x4 8145
— /+°° h(B)X ()X (t+ T — ﬁ)dﬁ]

E
— /m R(BE[X ()X (t+71— B)]dB

—o0
= o%h(r).
Finally, by taking the Fourier transform of (1), we get the power spectrum of {Y'(¢)} ) fecall that

transform of
Flryy (1)} = Sy (w) = o?H* (w)H(w) = o2[H(w)], R

is the (stan-

dard) product

since H*(w) is the Fourier transform of h(—7). of the Tourier

transforms.

Now, if the process is correlation ergodic, we can replace the ensemble-average by the time-
average in the computation of correlations. Hence, by considering the cross-correlation
function between {X(¢)} and {Y (¢)}, we get

rxy(T) =E[X(O)Y (t+7)] =E[X(t — 7)Y (t)] = lim — [ X(t—7)Y(t)dt,

and for some suitably large choice of T', we can approximate the latter quantity by
1 T

rxy(T) ~ T 7TX(t — 7)Y (t)dt.

A scheme for the estimation of rxy (7) is given by the following steps:
1. pass X(t) through a delay of 7, in order to obtain X (¢ — 7),
2. multiply X (¢t — 7) by Y (¢),

3. filter X (¢t — 7)Y (¢) using a low-pass filter Gor(s) with impulse response whose main
lobe is of duration roughly 27" between its half-amplitude points (this accounts for

the integration 5= fTT X(t—7)Y(t)dt).

Eventually, by varying the delay 7, we can obtain an estimate 7xy(7) of the cross-
correlation function. The figure below shows the block diagram representation of the
previously described procedure.



X (t) X(t—1) X(t—T7)Y(t) Txy (T)

[ e—’TS ® > GQT(S) —

time delay low-pass filter

Using the estimated cross-correlation function 7xy (7), we can estimate the impulse re-
sponse of the system as follows

- Txy (T)
h(T) = .
(r) ="
Therefore the proposed scheme can be regarded as a “System Identification” technique. <

Question 12. Tt is desired to predict a future value X (t+7') of a WSS random process
{X(t)} from the current value X (t) using the formula:

~

Xt+T)=cX(t)
where ¢ is a constant to be determined.

If the process has autocorrelation function rxx(7), show that the value of ¢ which
leads to minimum mean squared error between X (¢t + T) and X (¢t + T) is

_ rxx(T)
rxx(0)

Hence obtain an expression for the expected mean squared error in this case.

If {X (¢)} has non-zero mean, suggest an improved formula for X (t+7), giving reasons.

Consider the prediction error at time ¢

e(t) =Xt+T)-X{t+T)=X{t+T)—cX(?).
By taking the expectation of e?(t) we obtain the mean squared prediction error

MSE := E[e*(t)] = E[(X(t + T) — cX(t))?]
=EB[X%(t+T) —2cX(t +T)X () + 2 X3(t)]
= (14 AE[X?(t)] — 2cE[X (t + T) X ()]
= (1 4+ A)rxx(0) = 2erxx(T), (2)
where we used the fact that the process {X (¢)} is WSS which implies that E[X2(t +T)] =
E[X?2(t)] = rxx(0). The mean squared prediction error is a convex quadratic function of ¢,

therefore it admits a minimum cp,;, which can be found by equating to zero the derivative
of MSE with respect to ¢, namely

dMSE
de

’I“X)((T)
rxx(0)°

|
ZQCTXX(O)—erx(T):O =  Cmin —



The minimum mean squared error is given by

MSEmm = (1 + Cmm)TXX( QCmmT‘X)((T)

r2 r (T)
= (14 TG ) rex0 -2 e
_ r%x(0) + r¥x (T) — 2r% < (T)
rxx(0)
_ rix(0) = % x (T)
rxx(0) )

Now assume that {X(¢)} has non-zero mean, specifically E[X (¢)] = y and define the zero-
mean process X (t) := X (t) — u. The autocorrelation of {X(¢)} can be written as

rxx (1) = E[X(t +7)X ()]

= E[(X(t +7) + ) (X () + )]

=rgx(r)+pt

By applying formula (2) as it is, we get the following mean squared prediction error
MSEmin — T%(X (0) B T%(X(T)
rxx (0)
(rxx(0) + rxx(T))(rxx(0) = rxx(T))
rxXx (0)

Now, since r ¢ ¢(0) > 7 ¢ ¢ (T) (see the clarification box in the next page), it follows that

1 rexD+p? o rgg(T)
T orgx(0)+p® = rgg(0)

2. 155(0) =rgz(T) >0,

we conclude that,

(@AY o rhe0) ()
MSEmm——<1+—rxgm)+¢ﬁ>(<xxm) (1)) >

the addition of a non-zero mean g increases the mean squared error and, therefore, the
smallest possible MSE is attained for a zero-mean process.

To improve the prediction performance, we can subtract the mean of the process and then
apply the original predictor to the zero-mean remainder process {X (t)},

rex(T)  rxx(T) — p?

rez(0)  rxx(0) —p?’

X(t + T) = CminX(t), Cmin =
In this way, the “optimal” predictor of the original process { X (¢)} can be recovered as

X(t+T)=X(t+T)+p



@ Here we prove that for a WSS process {X(¢)} and for all T

rxx(0) > rxx(T),

i.e. the autocorrelation function of a WSS process achieves its maximum value at 0.
Given any two random variables X and Y, the Cauchy-Schwarz inequality reads as

[E[XY]| < VE[X?E[Y?],
or equivalently E?[XY] < E[X?]E[Y?]. Using this result, we have that for all T' # 0,
rix (T) = B [X ()X (t + 1)) < ELX()E[X?(t + T)] = rix (0),

where we used the fact that {X(¢)} is WSS.




